Magnetohydrodynamic effects upon momentum transfer on a continuously moving flat plane  by Sheng-An Yang,  & Cha'o-Kuang Chen, 
Computers Math. Applic. Vol. 23, No. 10, pp. 27-33, 1992 0097-4943/92 $5.00 + O.00 
Printed in Great Britain. All rights reserved Copyright~) 1992 Pergamon Press plc 
MAGNETOHYDRODYNAMIC EFFECTS UPON MOMENTUM 
TRANSFER ON A CONTINUOUSLY  MOVING FLAT  PLANE 
SHENG-AN YANG AND CHA'O-KUANG CHEN 
Department ofMechanical Engineering 
National Cheng-Kuang University, Tainan, Taiwan R.O.C. 
(Received April 1990) 
Abstract - -The present paper is concerned with the interesting situation of the existence of a 
transversal momentum boundary layer in the case of flow induced by a continuously moving fiat 
plate under an applied magnetic field besides the axial boundary layer. An approximate analytical 
technique by using a power-series xpansion method for the governing equation has been developed to 
investigate he velocity field inside the laminar boundary layer. The analysis hows that the transver- 
sal boundary layer is thicker than the axial boundary layer. However, the increase in the magnetic 
parameter B decreases the boundary layer thickness. The expression for the ~dn-friction coefficient 
is obtained for different values of B. 
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NOMENCLATURE 
Quantity which involves the bound- 
ary layer thickness, is defined by 
Eq. (12a). 
The magnetic parameter, defined by 
Eq. (12b). 
Specific heat of the fluid. 
Local skin-friction coefficient, Clx = 
Strength of the applied magnetic field. 
Local Reynolds number, defined by 
-~..w- X .  
Velocity in the x-direction. 
Extruding velocity of the fiat plate. 
Velocity in the y-direction. 
Horizontal (or axial) coordinate. 
Transverse coordinate. 
Greek Symbols 
6 Thickness of the axial velocity 
boundary layer. 
A Thickness of the transverse velocity 
boundary layer. 
Dimensionless imilarity variable, 
17=~. 
¢ Velocity profile, as seen in Eq. (8). 
Ratio of the two boundary layer 
thickness, ~.  
p Density of the fluid. 
a Electrical conductivity of the fluid. 
~'tu Shear stress at the wall, defined as 
" ~ l ,=0"  
/~e Magnetic permeability. 
u Momentum diffusivity. 
Subscripts 
w Condition at the wall. 
1. INTRODUCTION 
From the technologicM point of view, a study of boundary-layer flow on continuously moving 
surfaces is becoming important. The analysis of such flows find practical application in different 
areas, such as 
(i) the cooling of an infinite metallic plate in a cooling bath; 
(ii) the drawing of a fiber from a spinnerette head through a solvent bath; 
(iii) the aerodynamic extrusion of plastic sheets; 
(iv) the boundary layer along material handling conveyors; and 
(v) the boundary layer along a liquid film in condensation processes. 
The boundary layer on a continuous emi-infinite flat plate (or sheet) moving steadily through 
an otherwise quiescent fluid environment was first examined theoretically by Sakiadis [1]. Later, 
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a wide-ranging analytical and experimental investigation of the flow and heat-transfer character- 
istics of the boundary layer on a continuous moving surface was presented by Tsou, Sparrow and 
Goldstein [2] for certain values of the Prandtl number. Their boundary-layer solution resulted 
in a skin-friction coefficient along the continuous moving flat plate about 30% higher than that 
of Blasius [3] for the flow past a stationary flat plate. In all these papers, the authors have 
not included the effects of an applied magnetic field; such effects have definite bearing on the 
field of aeronautical engineering. The skin-friction coefficients for the steady flow induced by a 
continuously moving flat plate under the effects of an applied magnetic field, expressed in terms 
of the magnetic parameter B, are of major interest. For the governing equations of the problem, 
we develop an approximate analytical technique by using a power-series expansion method to 
investigate the velocity field. 
2. FORMULAT ION 
To illustrate the transverse boundary layer and its effects on the momentum transfer, we con- 
sider a long, continuous sheet under an external applied magnetic field with constant strength Hy0, 
which issues from a slot with a steady surface speed u~ in a quiescent fluid environment, asshown 
in Figure 1. For a steady, incompressible, two-dimensional flow induced by a continuous flat sur- 
face moving with a constant velocity uw in a quiescent fluid with small electrical conductivity a, 
we can write the boundary-layer quations as follows: 
au Ov 
O'--x -t- ~y - 0, (1) 
Ou Ou 02u a p~ H~o 
~ + ~ = ~ o y 2  , ~,, (2) 
where pe is magnetic permeability. 
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Figure I. Schematic representation of the boundary layer on a continuously moving 
surface under the effect of an applied magnetic field. 
Following Konakov's [4] two velocity boundary layers idea, we assume that the axial or z- 
direction velocity u, varies from uw at the wall to 0 in the free stream of the first boundary layer 
thickness 6; and the transverse or y-component velocity v, varies from 0 on the plate to 0 in the 
free stream of the second boundary layer thickness A. At the same time, in this article it will be 
shown that A > 6. Hence, the boundary conditions of this problem are expressed in terms of A 
as follows: 
= u~,  at y = O, (3) 
v = o, at y = O, (4) 
u = o, at y = A,  (5) 
v = 0, at y = A ,  (6) 
Ou 
0y - 0, at y = z~. (7) 
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3. ANALYSIS AND SOLUTION 
It is assumed that the axial velocity profile in the stream-wise direction is given by 
u = u,. 9(n), 
where 1/-- ~t/6. 
Differentiating both sides of (8) w.r.t. "z" and "y" respectively, we obtain 
0....~u _ 1/ d6 
Oz -- -uto 9'(1/) 6 dz '  
Ou 1 
o-~ = "~ 9 ' (1/ )  ~. 
Using the continuity Equation (1), we have 
Integrating by parts yields 
~o ~ Ou d6 ~o" v= - ~du=u~ 1/9'(1/) d1/. 
] v = u,~ ~z 91 / -  9 d1/ • 
By introducing (8) and (9), Equation (2) becomes 
2 d6 ~0" 1 1 -uw ~'x 9 dr/9' ~ = v u,. tO" 62 
After simplification, (10) finally reduces to 
-9 '  91/-- -T -T~9 - 
We may rewrite the above equation as 
- -  Uw9. 
29 
(8) 
where 
(9) 
(10) 
( -~ 4 3  71 /4  ) - al rl + 1/2 + 2a2 1/2 + -~axa2 1/ + 3a8 1/a + -~axas + . . .  
= A (2a2 + 6as r /+ 12a4 1/2 + 20as 1/3 + . . .  ) _ AB (1 + al 1/+ a21/~ + an 1/3 + . . .  ). (14) 
To solve the above integro-differential equation, we assume a power-series solution for 9 in the 
form 
9 = a0 % ai 1/% a2 7/2 % as 1/s + a41/4 + . . . .  (13) 
Inserting the boundary condition (3) into (13) gives a0 = 1. Then, substituting (13) into (12), 
we have 
v 1 
A - - -  (12a)  Uw ~ d6 ' 
2 
B -- ~ Pe H~o 62, the magnetic parameter. (12b) 
pv 
-9 '  9 d1/= A 9"  - AB  9, (12) 
p uw ~..6 9. (11) 
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Comparing the coefficients of equal powers of 7}, we obtain 
as = 
--al = 
a 2 
--2a2-- -~ = 
4 
-3aa  - -~a la2  = 
7 2 
-~  a la3-4a4-  ga~ ; 
B 
7' 
6 Aas - ABal ,  
12 Aa4 - ABa~, 
20 Aa5 - ABaa, 
30 Aa6 - ABa4. 
From the above relations it follows that 
AB-  1 
a3 - 6A  al' 
a~ B 2 B 
a4 - -  - -  + 24A 24 12A' 
(AB - 1)(AB - 3) B 
a5 = 120A 2 al - ~a l ,  1[ 
a6= 30A (AB-4)  a4 6 4aaaa • 
Inserting the above coefficients into (13) yields 
B ~}2 ~o(r]) = 1 + al r} + ~- + 
AB - 1 l i b  2 
6A air/3 + ~, 12A 24A]  + asr]S + a6 + .. . .  (15) 
Limiting the solution to the first six terms of the series, we obtain the approximate solution of u 
from (8) and (15) 
B T12 AB - 1 ~13 (B  2 B a21 ~ .4 
u---=l+alr/+Yuw + 6 - - - -~  al + ~ 12A 24A]  
+ ( (AB-1) (AB-  A 2 ,~oAB ) rl ~76 . at --  al 5 + as (16) 
Substituting (16) into (9), we get the transverse velocity profile as follows: 
v d6 [_~r l2+BTI  3 AB-1  (B  2 B al)~/5 5 r/6 6 7] 
uw-dx  Y q- 8--- ' -~ al r/4 + 3-0 15A 3-0 +~a5 +~a6~/ .  (17) 
Now, we introduce the ratio of the boundary layer thickness by ~ = A/6. By introducing the 
boundary condition (6), Equation (17) becomes the following relation 
B B ~3 5 6 al B AB - 1 al ~2 ..{_ "{- a5~4 + a6~5 --_ O. (18) al / 
In order to solve the above equation, we should know the values of A, al and B in advance. 
The values of al and A are obtained as follows. We assume that the velocity profiles of u with 
the coordinate Ya in the second boundary layer are similar to the analogous profiles in the first 
boundary layer. In other words, Equation (16) is valid in the second boundary layer, too. In this 
situation, the variable 77 of (17) is defined as 
Y~ Y~ ~=-~=-~. (19) 
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Inserting the above expression into (16) yields 
, ,  
- -= l+a l  + 
Uw 
- ( -~- )  -~ae ~-~-1 • 
+ ((AB - 1)(AB - 3) B (yA~ s 
i2T~ at 3_~a 0 w s. (20) 
Next, we apply the boundary conditions (5) and (7) to (20) and obtain the following equations: 
B AB-1  B s B a 2 +(AB-1) (AB-3)  B 
1 + at + T + 6"-"~-- at + 24 12 A 24----A 120 A s at - ~ at + as = 0 (21) 
and 
aa+B+AB-1  B 2 B a~ + (AB-1) (AB-3)  B 
2~ at + 6 3 A 6 A 24 A 2 at - ~ at + 6 as = 0. (22) 
Given B, we can solve for at and A from Equations (21) and (22) simultaneously. Then, by 
inserting at, A and B into (18), we can get one positive root ~ (greater than the unit). The 
profile ~o(~) is valid on the second boundary layer too. In this situation, the variable ~ in v/uw 
is defined as 
y V (23) 
Hence, by inserting the variable r/into ~o(t/) yields the axial velocity distribution 
t/ 
- -  = l+at  
tL w +T ~ + T i  at ~ + ~ 12A 24A/ 
+ ((AB - 1)(AB - 3) B (24) 
After separating variables 6 and z, we integrate Equation (12a) and get the boundary layer 
thickness 
, _  2f~.  = z~ / 2 
V u ,  A "~ A" (25) 
It is obvious that the values of ~ are greater than the unit for all values of B in Table 1, i.e., the 
second boundary layer thickness ~ is always greater than the first boundary layer thickness 6. 
However, while ~ increases as B increases, ~decreases. 
Table I. 
0 0.29229 -1.496740 1.29775 2.6158 0.441 
0.1 0.31106 -1.505584 1.29987 2.5357 0.45678 
0.2 0.32841 -1.51T054 1.30148 2.4678 0.4T234 
0.3 0.34441 -1.530620 1.3027T 2.4098 0.48756 
0A 0.35916 -I.545650 1.30388 2.3598 ' 0.50241 
0.5 0.37271 -1.562431 1.30489 2.3165 0.51689 
0.6 0.38513 -1.580103 1.30585 2.2788 0.53098 
0.7 0.35646 -1.598676 1.30679 2.2460 0.5446S 
0~ 0.40675 -1.617990 1.30775 2.2174 0.55796 
0.9 0.41603 -1.63T910 1.308T2 2.1926 0.57081 
1.0 0.42434 -1.658362 1.30974 2.1710 0.58322 
OM~ 25-10-¢ 
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Figure 2. Dimermionle~ velodty profile.. 
From Equation (20), the shear stress at the wall can be found by the following calculation 
Since A = ~ 5, we have 
rw = # = p a l  " -~.  
0 
(26) 
Uw 
The skin-friction coefficient is then obtained as follows: 
_ -2 , , . . .  (28)  c i .=  " 
Taking 6 from (25), the above coefficient is rewritten as follows: 
at ~/2A 
(29) 
where Re, is the local Reynolds number based on the extruding velocity t~. By inserting ~, al, 
and A into (29), we get the skin-friction coefficient shown in Table 1 and Figure 3. It is seen that 
the skin-friction coefficient increases with the increase of the magnetic parameter B. 
In the limit B --* 0 (no effect of magnetic field), the skin-friction coefficient yields 
1 
el= = 0.882 ~=-=,  (30) 
which almost agrees with the well-known Sakiadis olution [1]: 
1 c,. = 0.8s 6 
4. CONCLUSIONS 
The above analysis illustrates the fact that there exists a transverse boundary layer, in a two- 
dimensional flow over a steadily extruded flat plate. The velocity profiles are drawn in Figure 2, 
which indicates the typical behavior of the extruding velocity under the effect of a magnetic field. 
Because the applied magnetic field within the boundary layer creates a Lorentz force, it tends to 
retard the induced flow. Hence, in Figure 2, we can see that the velocity values decrease as the 
magnetic parameter B increases. Similar trend is observed for other values of B. Hence, we write 
that the velocity is associated with the axial and transverse boundary layers in a two-dimensional 
flow induced by a steadily extruded flat plate. The transverse boundary layers have considerable 
influence on momentum rates. The analysis also shows that the approximate solutions involving 
only the first six terms yield to very good results. 
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Figure 3. Dimensionless local skin-friction coef f i c ient .  
The important quantity of interest in engineering applications is the dimensionless local skin- 
friction coefficient which is shown in Figure 3. Owing to the decrease of the boundary layer 
thickness with the increasing of the magnetic parameter B, this figure indicates that the dimen- 
sionless kin-friction coefficient increases as the magnetic parameter B increases. 
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